Let G be a simply-connected domain in the t-plane (t = x + iy), b o u n d e d b y t h e t h r e e s t r a i g h t l i n e s x = 0 , y = 0 , x = 1 a n d a J o r d a n a r c w i t h c a r t e s i a n e q u a t i o n y = τ ( X ) . A l s o , l e t g b e t h e f u n c t i o n w h i c h ma p s c o n f o r ma l l y a r e c t a n g l e R o n
Introduction
Let Ω be a given doubly-connected domain bounded by two closed Jordan curves, and let f be a function which maps conformally a circular annulus A onto Ω. Also, let G be a simply-connected domain of the form G = {(x , y) : 0 < x < 1 , 0 < y < τ (x)} , (1.1) and let g be a function which maps conformally a rectangle R onto G, so that the four corners of R are mapped onto those of G. This paper is concerned with the comparative study of two numerical methods for computing approximations to the conformal maps f and g. The two methods are respectively the well-known method of Garrick [4, 8, [11] [12] [13] 15] , for the approximation of f: A → Ω, and a method proposed recently by Challis and Burley [2] , for the approximation of g: R → G. The motivation for undertaking this study emerges from [7] and [10,p.p.73-74] , where it is pointed out that the two methods appear to be closely connected, for the following two reasons:
(i) The problem of determining g: R → G is equivalent to that of determining f: A → Ω, for a certain symmetric doubly-connected domain Ω.
(ii) Both methods are iterative, and both involve Fourier analysis and Fourier synthesis at each iterative step. Furthermore, both methods can be made computationally efficient by the use of the fast Fourier transform.
In the present paper we investigate further the connection between the two methods, and show that the method of Challis and Burley is, in fact, a special case of the method of Garrick. Hence, by using results already a v a i l a b l e i n t h e l i t e r a t u r e , w e p
r o v i d e s o m e t h e o r e t i c a l j u s t i f i c a t i o n
for the method of [2] , We also show that the method of Garrick can be applied directly to the problem of determining g: R → G, for a wider class of domains than that defined by (1.1).
T h e d e t a i l s o f t h e p r e s e n t a t i o n a r e a s f o l l o w s :
Sections 2 and 3 concern the method of Garrick, and are based on t h e d e t a i l e d t r e a t m e n t c o n t a i n e d i n [ 4 , p . p . 1 9 4 -2 0 7 ] . M o r e s p e c i f i c a l l y , in Section 2 we summarize the theory on which the method is based, and i n S e c t i o n 3 w e d e s c r i b e t h e g e n e r a l G a r r i c k a l g o r i t h m . I n t h i s l a t t e r section, we also summarize the available theory concerning the convergence o f t h e me t h o d .
I n S e c t i o n 4 , w e d e s c r i b e t h e s i mp l i f i c a t i o n s t h a t o c c u r i n t h e
Garrick method, in the two cases where the boundary curves of Ω are as
f o l l o w s : ( a ) B o t h c u r v e s a r e s y mme t r i c w i t h r e s p e c t t o t h e r e a l a x i s . ( b ) T h e o u t e r c u r v e i s t h e u n i t c i r c l e a n d t h e i n n e r c u r v e i s s y mme t r i c w i t h r e s p e c t t o t h e r e a l a x i s . Section 5 contains the main results of the paper. Here we show that t h e a l g o r i t h m o f C h a l l i s a n d B u r l e y i s e q u i v a l e n t t o t h e s i mp l i f i e d algorithm of Garrick, corresponding to a domain of the form (b). We also
show that the Garrick algorithm, for a geometry of the form (a), can be applied directly to the problem of determining g: R → G, in the case where G has the more general form, G = {(x , y): 0 < x < 1 , τ 1 (X) < y < τ 2 (x)} .
(1.2) F i n a l l y , i n S e c t i o n 6 w e p r e s e n t t h e r e s u l t s o f s e v e r a l n u me r i c a l experiments and make a number of observations concerning the convergence o f t h e me t h o d o f G a r r i c k , a n d h e n c e o f t h a t o f C h a l l i s a n d B u r l e y .
2 . P r e l i mi n a r y r e s u l t s L e t b e t h e a n n u l u s q A = { z : q < | z | < 1 } , 0 < q < 1 , (2.1) q A q A . O n t h e a n d l e t t h e f u n c t i o n F b e r e g u l a r i n a n d c o n t i n u o u s o n q A • w h e r e K , a n d a r e t h r e e l i n e a r i n t e g r a l o p e r a t o r s i n t h e s p a c e L q R . q S 2 T h e s e o o p e r a t o r s a r e d e f i n e d a s f o l l o w s . K i s t h e w e l l -k n o w n o p e r a t o r f o r c o n j u g a t i o n o n t h e u n i t c i r c l e . 
T h a t i s
T h e o t h e r t w o o p e r a t o r s , a n d d e p e n d o n t h e r e a l p a r a me t e r q , q S q R 0 < q < 1 , a n d a r e d e f i n e d b y
and
where the kernels and are given by the absolutely convergent series q g q h (2.9a)
The relations (2.5) -(2.6) are derived in [4, p. p. 194-197] , where a l s o t h e p r o p e r t i e s o f t h e o p e r a t o r s K , a n d a r e s t u d i e d i n d e t a i l ; q R q S s e e a l s o [ 1 6 , p . 5 6 8 ] , [ 1 1 ] , [ 1 2 , p . 4 9 9 ] a n d [ 1 3 , § 1 7 . 4 ] . I n p a r t i c u l a r , w e n o t e t h e f o l l o w i n g t h r e e b a s i c r e s u l t s :
( i i ) F o r a n y c o n s t a n t c ,
n o t e t h e F o u r i e r s e r i e s o f a f u n c t i o n u ∈ L . T h a t i s
a r e t h e r e a l F o u r i e r c o e f f i c i e n t s o f u . T h e n , k b w h e r e k a
( I n f a c t , t h e s e r i e s o n t h e r i g h t o f ( 2 . 1 3 ) a n d ( 2 . 1 4 ) c o n v e r g e a b s o l u t e a n d u n i f o r ml y . F o r t h i s r e a s o n , t h e s i g n "~" i n ( 2 . 1 3 ) a n d ( 2 . 1 4 ) c a n b e r e p l a c e d b y " = " . ) □ We return now to the boundary values (2.2) -(2.3) of F, and let 
F u r t h e r m o r e , i t c a n b e s h o w n e a s i l y t h a t t h e L a u r e n t s e r i e s o f t h e f u n c t i o n F i s (2 .17)
w h e r e C 0 = α + i β , (2 .17a) a n d
s e e [ 4 , p . 1 9 7 ] a n d a l s o [ 1 1 , p . 2 0 ] a n d [ 1 6 , p . 5 6 9 ] .
.
T h e me t h o d o f G a r r i c k Let ; j = 1,2, be two Jordan curves in the w-plane, which are j Ω ∂ starlike with respect to w = 0, and are given in polar coordinates by
where 0 < ρ (θ) < ρ (θ) , θ∈ [0,2π]. Also, let Ω be the doubly-connected 2 1 domain which is bounded externally and internally by ∂Ω and ∂Ω respect-1 2 ively, i.e.
T h e n , f o r a c e r t a i n v a l u e q , 0 < q < 1 , Ω i s c o n f o r ma l l y e q u i v a l e n t t o t h e a n n u l u s 
(iii) The requirement that | z | = 1 is mapped onto ∂ Ω defines f uniquely, 1 apart from a rotation in the z-plane. Here, we normalize the mapping by requiring that
T h e me t h o d o f G a r r i c k i n v o l v e s t h e i t e r a t i v e s o l u t i o n o f t h r e e n o n l i n e a r i n t e g r a l e q u a t i o n s , f o r t h e u n k n o w n b o u n d a r y c o r r e s p o n d e n c e f u n c t i o n s θ a n d θ , a n d t h e u n k n o w n i n n e r r a 
T h e r e f o r e , t h e r e l a t i o n s ( 2 . 5 ) -( 2 . 6 ) h o l d w i t h
M o r e s p e c i f i c a l l y , b e c a u s e o f ( 3 . 7 ) , t h e c o n s t a n t g i n ( 2 . 5 ) -( 2 . 6 ) is zero and the two relations give respectively
(3. 14 )
( I n d e r i v i n g ( 3 . 1 3 ) -( 3 . 1 4 ) , w e ma d e u s e o f t h e f a c t t h a t
T h u s , t h e f u n c t i o n s ; j = 1 , 2 , a n d t h e r a d i u s q o f s a t i s fy t h e q A j θ equations (3.13) -(3.15) . These three equations are known as the i n t e g r a l e q u a t i o n s o f G a r r i c k .
T h e e x i s t e n c e o f a s o l u t i o n ( θ 1 , θ ; q ) o f ( 3 . 1 3 ) -( 3 . 1 5 ) i s g u a r -2 a n t e e d b y t h e f a c t t h a t a n y d o u b l y -c o n n e c t e d d o ma i n i s c o n f o r ma l l y e q u i v a l e n t t o a c i r c u l a r a n n u l u s . R e g a r d i n g u n i q u e n e s s , w e h a v e t h e 
a r e s a i d t o s a t i s fy a n ε δ-c o n d i t i o n i f:
(ii) There exist positive constants a,b and e such that
(3. 17)
( i i i ) T h e fu n c t i o n s ( θ ) ; j = 1 , 2 , a r e a b s o l u t e l y c o n t i n u o u s i n j ρ We consider now the following Jacobi type iteration for the a n a l y t i c a l s o l u t i o n o f E q s ( 3 . 1 3 ) -( 3 . 1 5 ) .
I t e r a t i o n 3 . 1
D o s t e p s ( a ) a n d ( b ) , w i t h n = 0 , 1 , 2 , . . . , u n t i l c o n v e r g e n c e :
( a ) D e t e r mi n e n q b y me a n s o f
The following convergence theorem is proved in [4] .
T h e o r e m 3 . 3 ( [ 4 , p . 2 0 2 ] ) . L e t t h e b o u n d a r y c u r v e s ; j = 1 , 2 , j Ω ∂ s a t i s fy a n ε δ-c o n d i t i o n , w i t h s o me ε < 1 , a n d l e t ( θ , θ ; q ) b e t h e 1 2 u n i q u e s o l u t i o n o f E q s ( 3 . 1 3 ) -( 3 . 1 5 ) . A l s o , l e t b e ) n q ; ( I I ) D o s t e p s ( a ) , ( b ) a n d ( c ) w i t h n = 0 , 1 , 2 , . . . , u n t i l c o n v e r g e n c e :
(a) Compute the coefficients and of the trigonometric
W h i c h i n t e r p o l a t e t h e f u n c t i o n
Wi t h r = 0 ( 1 ) 2 N -1 , c o mp u t e t h e v a l u e s ,
Wh e r e , f o r k = 1 ( 1 ) N , And (3.24a) 
Step II(a) of the ; (n) j,k b , (n) j,k a a l g o r i t h m c a n b e c o mp u t e d e f f i c i e n t l y , i n 0 ( N l o g N ) o p e r a t i o n s b y t h e u s e o f t h e f a s t F o u r i e r t r a n s f o r m ( F F T ) . S i m i l a r l y , i n S t e p I I ( b ) , t h e c o mp u t a t i o n o f t h e v a l u e s ( φ ) ; j = 1 , 2 , c a n b e p e r f o r me d b y j θ
j t h e u s e o f t h e F F T . T h a t i s , t h e a l g o r i t h m r e q u i r e s t h e a p p l i c a t i o n o f f o u r F F T s i n e a c h i t e r a t i v e s t e p
; s e e [ 1 2 , 1 3 ] .
a n d b e t h e f i n a l c o mp u t e d v a l u e s o f t h e q c o e f f i c i e n t s ( 3 . 2 2 a ) a n d ( 3 . 2 4 a ) , a n d l e t b e t h e f i n a l a p p r o x i ma t i o n to t h e i n n e r r a d i u s q . T h e n , a t p o i n t s o n t h e b o u n d a r i e s | z | = 1 a n d | z | = q o f A , t h e ma p p i n g f u n c t i o n i s a p p r o x i ma t e d b y
w h e r e ; T j j = 1 , 2 , a r e t h e f i n a l i n t e r p o l a t i n g p o l y n o m i a l s , a n d ~ j = 1 , 2 , a r e t h e f i n a l a p p r o x i ma t i o n s t o t h e b o u n d a r y c o r r e s p o n d -
e n c e f u n c t i o n s θ j ; j = 1 , 2 . T h a t i s ,
A t i n t e r i o r p o i n t s z ∈ A , f ( z ) ma y b e a p p r o x i ma t e d b y ma k i n g u s e q o f t h e L a u r e n t e x p a n s i o n ( 2 . 1 7 ) o f t h e a u x i l i a r y f u n c t i o n F . T h a t i s ,
Wh e r e , w i t h b 1 , N = b 2 , N = 0 , ã c
N a t u r a l l y , w h e n z = e a n d z = q e , ( 3 . 2 6 ) s i mp l i f i e s t o ( 3 . 2 5 ) . T h e r ef o r e , E . ( 3 . 2 6 ) c a n b e u s e d t o r e p r e s e n t t h e a p p r o x i ma t e c o n f o r ma l ma p q (z) f a t a n y p o i n t z ∈ Ā . 2 7 ) w h e r e j = 1 , 2 , a r e t h e n t h i t e r a t i v e v a l u e s g e n e r a t e d b y ; ) ( θ T h e o r e m 3 . 4 . ( [ 1 1 , T h e o r e ms 4 . 6 , 6 . 1 a n d 1 2 . 1 ) , L e t t h e b o u n d a r y c u r v e s ∂ Ω j ; j = 1 , 2 , s a t i s fy a n ε δ-c o n d i t i o n , w i t h s o me ε < 1 , a n d l e t ( θ , θ ; q ) b e t h e u n i q u e s o l u t i o n o f E q s ( 3 . 1 3 ) -( 3 . 1 5 ) . A l s o , l e t 1 2
T h e n , t h e s e q u e n c e o f i t e r a t e s , g e n e r a t e d b y 
Therefore, if u , and v ; j = 1,2, denote the functions (3.11) and (3.12), 
Circular outer boundary and symmetric inner boundary
If the boundary ∂ Ω of Ω is the unit circle, then ρ ( θ ) = 1 and 1 1 (3.13) -(3.15) simplify respectively to 
h i c h i n t e r p o l a t e s t h e f u n c t i o n a t t h e p o i n t s
aq L e t a
n d b e r e s p e c t i v e l y t h e f i n a l c o mp u t e d v a l u e s o f t h e c o e f f i c i e n t s ( 4 . 1 5 a ) a n d t h e f i n a l a p p r o x i m a t i o n t o q . T h e n , b e c a u s e o f R 4 . 2 . 3 , f o r mu l a ( 3 . 2 6 ) f o r t h e a p p r o x i ma t e c o n f o r ma l ma p s i mp l i f i e s t o
The results of Theorems 3.1-3.4 remain unchanged but, because ( θ ) ≡ 1 , D e f i n i t i o n 3 . 1 o f t h e ε δ-c o n d i t i o n s i mp l i f i e s i n a n o b v i o u s ρ 1 ma n n e r . I n p a r t i c u l a r , t h e r e q u i r e me n t s ( 3 . 1 6 ) a n d ( 3 . 1 8 ) s i mp l i f y r e s p e c t i v e l y t o ( θ ) ≤ m < 1 ( 4 . 1 9 ) ρ 2 a n d
F u r t h e r mo r e , i t f o l l o w s e a s i l y f r o m t h e a n a l y s i s i n [ 4 , p . p . 2 0 3 -2 0 6 ] -1 t h a t , i n t h i s s p e c i a l c a s e , t h e v a l u e o f δ c a n b e t a k e n a s T a n d l e t R d e n o t e t h e r e c t a n g 1 e
h e me t h o d o f C h a l l i s a n d B u r l e y [ 2 ] a n d i t s c o n n e c t i o n t o t h e me t h o d o f G a r r i c k L e t G b e a s i mp l y -c o n n e c t e d d o ma i n i n t h e t -p l a n e ( t = x + i y ) , b o u n d e d b y t h e t h r e e s t r a i g h t l i n
3 ) H i n t h e ζ -p l a n e ( ζ = ξ +
i η ) . T h e n , i t f o l l o w s f r o m t h e R i e ma n n ma p p i n g t h e o r e m t h a t , f o r a c e r t a i n H , t h e r e e x i s t s a u n i q u e c o n f o r ma l ma p g : R H → G , w h i c h t a k e s t h e f o u r v e r t i c e s ( 0 , 0 ) , ( 1 , 0 ) , ( 1 , H ) a n d ( 0 , H ) of R H r e s p e c t i v e l y o n t o t h e f o u r c o r n e r s A j ; j = 1 ( 1 ) 4 , o f G . T h e u n i q u e v a l u e o f H f o r w h i c h t h e a b o v e c o n f o r ma l ma p i s p o s s i b l e i s c a l l e d t h e
conformal module of the quadrilateral defined by the four boundary p o i n t s A ; j = 1 ( 1 ) 4 ; s e e [ 5 , 6 , 1 4 ] . ma p s t h e r e c t a n g l e R c o n f o r ma l l y o n t o t h e u p p e r h a l f o f t h e a n n u l u s is the doubly-connected domain bounded by the unit circle (5.6) and the symmetric curve (5.4). That is, the problem considered by Challis and
j T h e p u r p o s e o f t h i s s e c t i o n i s t o s h o w t h a t t h e a l g o r i t h m p r o p o
∂ Ω 2 = { w : w = p ( θ ) e i θ , 0 ≤ θ ≤ 2 π } , ( 5 . 7 ) 2 w h e r e ( θ ) = e x p { -π τ ( θ / π ) } , 0 ≤ θ ≤ π ρ 2 and (5.7a) ρ 2 ( 2π -θ ) = ρ ( θ ) , π < θ ≤ 2 π .
B u r l e y [ 2 ] i s e q u i v a l e n t t o a p r o b l e m o f t h e t y p e s t u d i e d i n S e c t i o n 4 . 2 ,
Because of this, the equations on which the method of [2] is based emerge easily from the results R4.2 .1 -R4 .2.3, as follows.
T h e n , s i n c e , z log iπ
t h e f u n c t i o n s a n d a r e r e l a t e d t o t h e i n n e r b o u n d a r y c o r r e s -) ( x ξ ) ) ( x ( ξ τ p o n d e n c e f u n c t i o n θ o f t h e c o n f o r ma l ma p f b y
T h e r e f o r e , t h e r e s u l t s R 4 , 2 . 1 -R 4 . 2 . 3 i mp l y t h e f o l l o w i n g :
T h e n , . T h e r e f o r e , t h e r e s u l t s o f T h e o r e ms 3 . 1 -3 . 4 h o l d a n d , i n t h i s c a s e , t h e r e q u i r e me n t s ( 3 . 1 6 ) a n d ( 3 . 1 8 ) o f t h e ε δ-c o n d i t i o n c a n b e r e p l a c e d r e s p e c t i v e l y b y , 
T h e a b o v e r e s u l t s c o n t a i n a l l t h e r e l a t i o n s o n w h i c h t h e me t h o d o f C h a l l i s a n d B u r l e y [ 2 ] i s b a s e d . ( T h e s e r e l a t i o n s
, ) ) ( x ( : ) ( , ) ( x : ) ( , ) x ( : f(x) ξ τ = ξ γ ξ − ξ = ξ α τ = a : = 1 / H a n d b : = k B .e x p { -π τ ( x ) } ≤ m < 1 , x ∈ [ 0 , 1 ] , ( 5 . 2 4 ) a n d ' | τ ( x ) | ≤ ε δ , x ∈ [ 0 , 1 ] ,( 5 .
. I n f a c t , o u r n u me r i c a l r e s u l t s s u g g e s t t h a t t h e a b o v e
t h e o r e t i c a l p r e d i c t i o n s a r e s o me w h a t p e s s i mi s t i c ; s e e S e c t i o n 6 . I n t h e i r p a p e r C h a l l i s a n d B u r l e y d o n o t p r e s e n t a n y t h e o r e t i c a l r e s u l t s c o n c e r n i n g t h e c o n v e r g e n c e o f t h e J a c o b i i t e r a t i o n s o r t h e q u a l i t y o f t h e c o mp u t e d a p p r o x i ma t i o n s . Wi t h r e fe r e n c e t o t h e i t e ra t i o n s t h e y s i mp l y s t a t e t h e f o l l o w i n g ; [ 2 , p . 1 7 3 ] : " S o me u n d e r -r e l a x a t i o n o f t h e α v a l u e s ( i . e . t h e v a l u e s , ) ( x r r ξ − ξ r i n o u r n o t a t i o n ) i s n e c e s s a r y i n s o me c a s e s , a n d h e l p s t o s p e e d c o n v e r g e n c e i n o t h e r c a s e s . T y p i c a l l y a r e l a x a t i o n f a c t o r o f 0 . 5 mu s t b e u s e d , " H o w e v e r , o u r n u me r i c a l e x p e r i me n t s i n d i c a t e t h a t u n d e r -r e l a x a t
i o n i s e s s e n t i a l f o r t h e c o n v e r g e n c e o f t h e i t e r a t i o n i n f o u r o u t o f t h e f i v e e x a mp l e s c o n s i d e r e d i n [ 2 ]
. F u r t h e r mo r e , i n t h r e e o f t h e s e e x a mp l e s a r e l a x a t i o n f a c t o r c o n s i d e r a b l y l e s s t h a n 0 . 
Therefore, the Garrick Algorithm 3.1, modified as indicated in Section 4.1, can be applied directly to the problem of determining the conformal map g : R → G , i n t h e c a s e w h e r e G h a s t h e mo r e g e n e r a l f o r m ( 5 . 2 7 ) . The numerical results were computed on a Honeywell level 68 computer by H. Freter [3] and M. Modi [17] , two students at Brunei University.
They used programs written in double-precision Fortran, and performed the trigonometric summations by means of the NAG Library FFT subroutine CO6FAF.
I n p r e s e n t i n g t h e r e s u l t s w e u s e t h e f o l l o w i n g n o t a t i o n s :
N : D e g r e e o f i n t e r p o l a t i n g t r i g o n o me t r i c p o l y n o mi a l s . T h e n , T h e o r . 3 , 4 g u a r a n t e e s t h e c o n v e r g e n c e o f t h e J a n o t p r e s e n t e d h e r e , s u g g e s t w = 1 / ( 1 + ( 6 , 4 ) ) ε 2 a s a s u i t a b l e r e l a x a t i o n p a r a me t e r f o r u s e w i t h t h e J O R . F o r e x a mp l e , f o r t h e d o ma i n s ( 6 . 1 ) , ( i ) -( v ) , t h i s f o r mu l a g i v e s r e s p e c t i v e l y t h e v a l u e s w = 0 . 8 7 1 , 0 . 5 , 0 . 2 8 8 , 0 . 2 8 8 a n d 0 . 2 9 6 , w h i c h a g r e e c l o s e l y w i t h t h e e x p e r i me n t a l l y d e t e r mi n e d " b e s t " u n d e r -r e l a x a t i o n p a r a me t e r s w . b (Our motivation for experimenting with (6.4) emerged from the theoretical r e s u l t s o f G u t k n e c h t [ 9 ] c o n c e r n i n g t h e c o n v e r g e n c e o f t h e T h e o d o r s e n i n a n o b v i o u s ma n n e r t o t a k e c a r e o f t h e f a c t t h a t t h e i n n e r , a n d n o t 
T h a t i s , a l l t h e c u r v e s o f E x . 1 v i o l a t e t h e c o n v e r g e n c e c r i t e r i o n ( 6 . 3 ) . T h u s , w i t h r e fe r e n c e t o t h e n u me r i c a l r e s u l t s , i t i s n o t s u r p r i s i n g t h a t t h e
( i ) Ω = I n t ( ∂ Ω ) ∩ E x t ( ∂ Ω ) ,( 6 .
